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1. Introduction 
Michaelis showed in [ 1 l] that the existence of a two-dimensional non-abelian sub- 
algebra implies the existence of a non-trivial triangular Lie bialgebra structure over 
any ground field of arbitrary characteristic. He applied this to establish infinitely many 
non-trivial triangular Lie bialgebra structures on the Witt and Virasoro algebras. In this 
paper we use a slight generalization of the main result of [l l] (cf. also [2, Section 71) 
in order to establish a non-trivial triangular Lie bialgebra structure on almost any finite- 
dimensional Lie algebra over an algebraically closed field of arbitrary characteristic (see 
Theorems 1 and 2). It is well known that in contrast to the case of finite-dimensional 
semisimple Lie algebras over a field of characteristic 0 (thanks to Whitehead’s first 
lemma) or the Witt and Virasoro algebras (see [7]), there are Lie bialgebra structures 
(e.g., on nilpotent Lie algebras) which are not coboundary; but coboundary Lie alge- 
bras seem to be more interesting for applications (mostly due to the importance of the 
Yang-Baxter equation). In the remainder of this section we describe the contents of 
our paper in more detail. 
In Section 2 we introduce the notation and preliminary results necessary to make the 
paper (almost) self-contained. In particular, we give a complete proof (which works for 
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any field of characteristic # 2) of an observation due to Drinfel’d (see Proposition 2 
below) which relates the classical Yang-Baxter equation for skew-symmetric tensors 
to a certain quadratic mapping from the second exterior power of the Lie algebra into 
its third exterior power. Drinfel’d’s formula simplifies many of the computations in the 
third section. 
Section 3 is the main part of the paper, and it is there that we prove the existence 
results mentioned above. It turns out that (aside from abelian Lie algebras) the three- 
dimensional Heisenberg algebra plays a special role; this is mainly due to its small 
dimension. We characterize those finite-dimensional Lie algebras over an algebraically 
closed field of arbitrary characteristic which have non-trivial (quasi-) triangular Lie 
bialgebra structures. The example of the three-dimensional real Lie algebra of skew- 
hermitian 2 x 2-matrices of trace zero shows that - in general - our results do not hold 
unless the ground field is algebraically closed. 
2. Preliminaries 
Let [F be a commutative field of arbitraty characteristic. A Lie coalgebra over [F is 
a vector space c over [F together with a linear mapping 
6:c’c@c, 
such that 
lm(6) C Im( 1 - r), (1) 
and 
(1 + r + t2)o(1 @6)06=0, (2) 
where z : c @ c -+ c ~3 c denotes the switch mapping sending x @ y to y ~8 x for all 
x,y~c and ~:C@CEIC+C@C@C denotes the cycle mapping sending x@y@z to 
y @z @x for all x, y,z E c. The mapping 6 is called the cobracket of c, (1) is called 
co-anticommutativity, and (2) is called the co-Jacobi identity. 
Remark. Note that for every vector space V and every positive integer n the symmetric 
group S,, acts on the n-fold tensor power V@’ of V via 
a.(v,~...~vv,):=V,(l)~ ... C9v~(n) V’oES& vi )...) U,EV. 
Then r corresponds to the generator of S2 acting on VB2 while 4: corresponds to the 
cycle (12 3) of & acting on V @3 If c is one-dimensional, then every cobracket on c is . 
the zero mapping since Im( 1 - r) =O. This is dual to the statement that every bracket 
on a one-dimensional Lie algebra is zero. 
For further information on Lie coalgebras we refer the reader to [lo] and the refer- 
ences given there. 
A Lie bialgebra over ff is a vector space a over [F together with [F-linear mappings 
[.,.]:a@a-+a and b:a+a@a such that (a,[+,.]) is a Lie algebra, (a,@ is a Lie 
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coalgebra and 6 is a derivation from the Lie algebra a into the a-module a @J a, i.e., 
6([x,yl)=x~6(y) - Y.&X) &yEa, 
where the tensor product a @ a is an a-module via the adjoint diagonal action defined by 
:=fJ[x,aj]@bj+aj@[x,bj]) vx,aj,bjEa. 
j=l 
A coboundary Lie bialgebra over IF is a Lie bialgebra a such that the cobracket 6 
is an inner derivation, i.e., there exists an element Y E a @ a such that 
d(x)=x.r VxxEa. 
In order to describe those tensors r which give rise to a coboundary Lie bialgebra 
structure, we will need some more notation. If a is a Lie algebra and V is an a-module, 
then the set of a-invariant elements of V is defined as 
P:={uE V la.v=O VaEa}. 
If r=CyE, qg~~;‘, we set 
m m m 
r12 ._ .-c ~@+S3 1, r13 ._ .-c cc% 1 @q’, ,,23 ._ .-c 1 m@q’, 
i=l i=l i=l 
where 1 denotes the identity element of the universal enveloping algebra U(a) of a. 
Note that we consider the elements r12,r13,~23 via the canonical embedding a ~--f U(a) 
as elements of U(a) @ U(a) @ U(a). We then find their commutators to be given as 
follows: 
i,j=l 
[r 12,r23]=~ r;@[(,q]@$, 
i,j=l 
[r 13,P]= 2 q@Pp[&$]. 
i,j=l 
Themapping~:a~a~a~a~aggivenbyr~[r~~,r~~]+[r’~,r~~]+[r’~,r~~] iscalled 
the classical Yang-Baxter operator (CYBO), the equation c(r)=0 is called the clas- 
sical Yang-Baxter equation (CYBE), and a solution of the CYBE is called a classical 
r-matrix. 
We are now in a position to record a result due to Drinfel’d that provides the 
following necessary and sufficient conditions on r such that the corresponding inner 
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derivation from a into a @ a defines a Lie bialgebra structure on a. (For a proof see [9, 
Lemma 1.1, 12, Proposition 1 and the remarks after its proof or 4, Proposition 2.1.21.) 
Proposition 1 (Drinfel’d [6, Section 4, p. 8041). Let a be a Lie algebra over a field 
F of characteristic # 2, and let r E a @ a. The mapping 6,. dejined by &(x):=x . r for 
any x E a defines a Lie bialgebra structure on a if and only tf the following conditions 
are satisfied 
(i) r + z(r)E(a@ a)a, 
(ii) c(r) E (a IX a @ a)a. 
It is clear that any classical r-matrix of a satisfying condition (i) of Proposition 1 
gives rise to a coboundary Lie bialgebra structure on a. Following Drinfel’d [6] 
such coboundary Lie bialgebra structures are called quasi-triangular. In particular, 
quasi-triangular Lie bialgebra structures arising from classical r-matrices for which 
r E Im( 1 - r) are called triangular. Over fields of characteristic 2 we have to modify the 
definition of a quasi-triangular Lie bialgebra. In order to satisfy the co-anticommutativity 
of 6,. (see (1) above) condition (i) of Proposition 1 can be too weak, so we just replace 
it by (l), i.e., Im(6,) C Im( 1 + r). 
In [6] Drinfel’d considers for every Lie algebra a the (odd) Poisson superbracket 
{. , .} on the exterior algebra A’(a) induced by the bracket of a. For every vec- 
tor space V and every positive integer n the so-called skew-symmetrization mapping 
C, : VBn --f V@” is defined by t H CoESn sign(o)(a . t). It is well known that the n- 
fold exterior power A”(V) of V is canonically isomorphic to Im(C,) (see [3, Ch. III, 
Section 7, Exercise 8(a)]). If V has a Lie algebra structure a, then this is an a-module 
isomorphism. Moreover, if the characteristic of the ground field is # 2, then the ele- 
ments of Im(C,) are just the skew-symmetric tensors, i.e., elements t E V @n such that 
CJ . t =sign(o) t for every a~& (see again [3, Ch. III, Section 7, Exercise 8(a)]). 
Using this identification, Drinfel’d [6, Section 4, p. 8051 observed the first part of the 
following result. 
Proposition 2. Let a be a Lie algebra over a field F of characteristic # 2, and let 
r E a @ a be skew-symmetric. Then 
c(r)=i{r,r}. 
In particular, the CYBO induces a mapping from a A a into a A a A a such that 
c(ar)=a2c(r) and c(r + F)=c(r) + c(F) + {r,F} ‘d cry [F;r,r”~a~a. 
Proof. Since the characteristic of [F is not 2, we may embed a A a into a @ a via 
x~y~x@y-y@x Vx, yEa. With this identification let r=Cz, GA$=CL,(G@~‘- 
I;:’ @I;:) be an arbitrary skew-symmetric tensor. Then 
r12=k m3+81 -r,‘@r;@l), 
i=l 
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and 
On the other hand, from the defining conditions of the Poisson superbracket (see [6, 
Section 4, p. 805]), we derive: 
m 
{Y,Y} = c {~Ar\‘,pj’} 
i.j=I 
We now represent each term of this sum as an image of the skew-symmetrization 
mapping C3, and then simplify. For the first term, we obtain upon interchanging the 
summation indices i and j and the order of the commutators 
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By interchanging i and j it is clear that the second and third terms of the second sum 
in (3) coincide, and therefore, it is enough to consider only the second term 
where again we have interchanged i and j and the order of the commutators in the 
second, third and fifth term of the last sum. Finally, for the last term in (3) we obtain 
i,j=l 
= 2 2 (ri @ yj @ [r/, +] - ri @ [r;, $1 @ yj + [+,$I @3 rj $3 q). 
i,j=l 
Comparing the final expressions for the three sums above, we find that {r, r} = 2. c(r). 
In particular, c(r) is skew-symmetric. The remaining properties for the CYBO are 
immediate consequences of the fact that the Poisson superbracket is bilinear and sym- 
metric on a A a (see again [6, Section 4, p. SOS]). 0 
Remark. Generalizing the formula for {r,r} in the proof of Proposition 2 to 
Ir,4=~(rin(r;‘.i)-(ri.~)*r~), 
i=l 
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respectively, 
where Y = c:f=, ri A I;’ and ? = EYE, Fi A ?/, one can read off that {Y, i} = 0 and thus, 
by Proposition 2, C(T + ?) = C(Y) + c(i) if either r or F is a-invariant. The reader is also 
referred to [4, Remark 2 after the proof of Lemma 2.1.31 for a slightly more general 
statement which will be useful in the next section when we investigate quasi-triangular 
Lie bialgebra structures. 
3. Main results 
In this section we prove that certain Lie algebras over a field of arbitrary character- 
istic have non-trivial (quasi-) triangular Lie bialgebra structures. For finite-dimensional 
simple Lie algebras over @ the existence of certain families of triangular Lie bialgebra 
structures is discussed in [2, Section 71. Our Theorems 1 and 2 extend the observation 
of [2, 7.2.1)] (see also [ll, Theorem 3.21) and [2, 7.11 to arbitrary Lie algebras. 
We start with the non-nilpotent case. Here we must assume that the Lie algebra is 
jinite-dimensional and that the underlying ground field is algebraically closed. 
Lemma 1. Every jnite-dimensional non-nilpotent Lie algebra over an algebraical1~ 
closed ,jield F has a two-dimensional non-abelian subalgebra. 
Proof. Assume that a is a finite-dimensional non-nilpotent Lie algebra over [F. Then, 
in view of Engel’s theorem, there exists an element a E a such that ad,(a) is not 
nilpotent (as an element in EndIF(a Since 1F is algebraically closed, ad,(a) has a 
non-zero eigenvalue 2 in [F. Hence, there exists an element e E a such that 
[a, e] = ad,(a)(e) = I.e. 
Because of the linearity and the anticommutativity of the Lie bracket of a, we have that 
a and e are linearly independent over IF, and therefore, Fa 8 Fe is a two-dimensional 
non-abelian subalgebra of a. If we set h := A-’ a, then we even have [h, e] = e. !Il 
Theorem 1. Everyjnite-dimensional non-nilpotent Lie algebra a over an algebraically 
closed held IF admits a non-trivial triangular Lie hialgebra structure. 
Proof. According to the proof of Lemma 1, there exist elements h,e E a such that 
[h, e] = e. Put Y := h @ e - e @ h E Im( 1 - 5). Then [ 11, Theorem 3.21 implies that r is a 
classical r-matrix. Hence 6, defines a non-trivial triangular Lie bialgebra structure on 
a because of 
ci,(h)=[h,h]~e+hh[h,e]-[h,e]~h-e~[h,h]=h~e-ee~h#O. 0 
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Example 1. In order to show that Theorem 1 does not hold if the ground field is 
not algebraically closed, we consider the non-split three-dimensional simple Lie al- 
gebra su(2) over [w (which can be realized as the cross product on three-dimensional 
euclidean space): 
g := su(2) := lWei $ lWez CC IWes, [el,e2l=e3, [e2,e31=el, [e3,ell=e2. 
A straightforward computation shows that {ei A e2, e2 A e3, es A ei} is an orthonor- 
ma1 basis of g A g with respect to i . {+, .} ( f i we identify g A g A g with [w via 
ei A e2 A es H 1 n). Hence, for every skew-symmetric tensor 
where ~112, ~23, y131 are arbitrary real numbers, we obtain 
c(r)=~{v,r}=(1:2+~1:~+~~~)elAe~Aes (4) 
from Proposition 2. Therefore, c(r)= 0 if and only if r =O, i.e., ~(2) does not ad- 
mit any non-trivial triangular Lie bialgebra structure. Note that this generalizes [ 11, 
Example 2.141. In fact, we can show even more generally that ~(2) does not admit 
any non-trivial quasi-triangular Lie bialgebra structure. Indeed, the identification g Z g* 
(as g-modules) via the Killing form, in conjunction with Schur’s lemma, shows that 
(g @ g)g “End,(g) C [w, i.e., 
(g @ g)g = WeI C9 el + e2 @ e2 + e3 @ e3 >. 
Hence, an element Y E g 8 g satisfies condition (i) in Proposition 1 if and only if 
with arbitrary ye, ~112, ~23, yl31 E R. By virtue of [4, Remark 2 after the proof of 
Lemma 2.1.31, we find that 
c(T)=Y2c(ei @eel -t e2@ez + es @e3) +c(ql2el Ae2 + ?I2382 Ae3 + mle3 Ael). 
A straightforward computation then yields that 
C(el@eel+e2@ez+e363e3)=elAe2Ae3. 
According to (4) we therefore obtain the identity 
c(y) = (v* + $2 + r1& + r& ) ei A e2 A es. 
As mentioned above, this implies that C(Y) = 0 if and only if r= 0; i.e., ~(2) does 
not admit any non-trivial quasi-triangular Lie bialgebra structure. 
Remark. Let g be any Lie algebra over F. Then the Lie bracket of g induces a 
mapping y from g A g into g which is surjective if [g, g] = g (e.g., if g is simple). 
If in addition g is three-dimensional, then y is a bijection. Moreover, since in this 
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case we have dimF g A g A g = 1, there is also a canonical bijection 1 from g A g A 9 
onto IF. In particular, 1 o c is a quadratic -form with associated symmetric bilinear 
form r o {.;}. Now we specialize to the case g = su(2). Then g has a two-dimensional 
faithfur representation (over @), namely, 
An easy calculation shows that 
det(q23ei + yl3ie2 + Ytzes) = i(& + II: + Y& ). 
By comparing this with (4), we observe that the diagram 
9A9 c -----‘9A9A9 
is commutative (see also [4, Example 2.1.81 where a similar commutative diagram for 
&(a)) is mentioned). 
We now consider the existence of non-trivial triangular Lie bialgebra structures on 
nilpotent Lie algebras. If a is abelian, then every inner derivation from a into a 8 a 
is the zero mapping since the adjoint action of a is trivial. Hence, for abelian Lie 
algebras a there is no non-trivial coboundary Lie bialgebra structure on a (see also 
[4, Example 2.1.51). It turns out that there is another case for which there exists no 
non-trivial triangular Lie bialgebra structure. Recall the following 
Definition. A Heisenberg algebra 6 is a Lie algebra with a one-dimensional center 
C(h) for which 0 # [b, 612 C(b). 
Since the proof of [ll, Theorem 3.21 remains valid for [a, b] = 0 (see also [2, 7.11) 
we obtain for arbitrary dimensional nilpotent Lie algebras: 
Theorem 2. Let a be a nilpotent Lie algebra over an arbitrary jeld F. If a is neither 
abelian nor a Heisenberg algebra, then a admits a non-trivial triangular Lie bialgebra 
structure. 
Proof. Assume first that [a, a] g C(a). Then there exist a, b E a with [a, b] @ C(a). Since 
a is nilpotent, we can read off from the last non-zero term of the descending central 
series of a that C(a) is non-zero. Then for any 0 # c E C(a) the elements [a, b] and c 
are linearly independent, so for r := b ~3 c - c @b E Im( 1 - z) we find that 
&(a)=a.r=[a,b]@c-c@[a,b]#O. 
10 J. Feldvossi Journal of Pure and Applied Algebra 134 (1999) I-14 
Thus, the generalization of [I 1, Theorem 3.21 mentioned above implies that the 
element Y defines a non-trivial triangular Lie bialgebra structure on a. 
Assume now that [a, a] 5 C(a). Since by hypothesis a is not abelian, there exist 
a, b E a such that 0 # [a, b] E C(a). But, by hypothesis, a is not a Heisenberg algebra, 
so that dimF C(a) 2 2. Hence, there is an element c E C(a) such that [a, b] and c are 
linearly independent. As in the first case we conclude that Y := b CC c - c 18 b defines a 
non-trivial triangular Lie bialgebra structure on a. 0 
Remark. After finishing the writing of this paper, I became aware of the paper [5] 
where, in the process of justifying its Lemma 3, our Theorem 2 is stated (without 
proof) over the real or complex numbers. 
In order to investigate the situation of Theorem 2 further, we first look at the 
Heisenberg algebra of lowest dimension. 
Example 2. Let us consider the three-dimensional Heisenberg algebra 
lj=[FxCB5y$Fz, L&Y1 =z, bl= 0 = [YJI 
over an arbitrary field [F. It is easy to verify that 
(t)~~)~=iF(z~z)~IF(x~z-z~x)~[F(y~z-zz~). 
Let us assume now that the characteristic of F is not 2. As in the proof of Proposition 2, 
we can identify x @ y-y 18x with x A y, etc. In view of the remark after Proposition 2, 
we find for an arbitrary skew-symmetric tensor 
with w, 5, y E [F that 
c(r)=i{r,r}=02xAyAz. (5) 
Therefore, c(r) = 0 if and only if w = 0, in which case r E (C, 8 6)“. Hence, h does not 
admit any non-trivial triangular Lie bialgebra structure. 
Since char(F) # 2, an element r E Ij @ lj satisfies condition (i) in Proposition 1 if and 
only if 
r=~zC3z+cowxAy+~xAz+qyAz, 
for some w, 5, q, c E F. By virtue of [4, Remark 2 after the proof of Lemma 2.1.31, we 
have 
c(r)=i*c(z@z)+c(c)xAy+5xAz+qyAz), 
and finally, we obtain by (5) that 
c(r) = u2x A y AZ. 
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As in the skew-symmetric case this implies that C(T) = 0 if and only if r E (h @ h)b, and 
therefore h does also not admit any non-trivial quasi-triangular Lie bialgebra structure. 
Remark. By a more complicated computation directly using the definition of the 
CYBO, it is also possible to show that the three-dimensional Heisenberg algebra over 
a field of characteristic 2 does not admit any non-trivial triangular Lie bialgebra struc- 
ture. Nevertheless, we prove in Theorem 4 below that in this case there exists a non- 
trivial quasi-triangular Lie bialgebra structure. 
Before considering an arbitrary finite-dimensional Heisenberg algebra, we derive the 
well known Heisenbery commutation relutions (cf. [8, (1.7.8) p. 221): 
Lemma 2. Every finite-dimensional Heisenbery alqebrct lo over an Ltrbitrary field F 
has a basis {xi, yi,z 1 1 < j 5 n} such that 
[xi,~;]=[y~,y~]=[X~,Z]=[yi,Z]=O, [Xi,Yj]=SijZ Vl F i, .j L n. 
Proof. For any Heisenberg algebra h, there is an alternating if-bilinear form (., .) : 
IJ x Q + 5 defined by 
where z denotes an arbitrary non-zero element of the center of h. By definition (., .) 
lifts to a non-degenerate alternating [F-bilinear form on h/C(h). Since by hypothesis, 1) 
is finite-dimensional, this implies that dimF(h/C(h)) IS even, and more precisely, there 
exists a symplectic basis {q,y/ 1 1 < j 5 n} of h/C(h), i.e., 
(xi~Xf)=(Y~,.Vf)=O, (Xi,Yj)=blj Vl < i, j <n. 
Hence, we have 
with 
[Xi,Xj]=[Y,,Yj]=[Xi,Z]=[yi,Z]=O, [Xi,Yj]=6fjZ Vl < i, j 5 n. 0 
Remark. The above can be generalized to the case of infinite-dimensional Z-graded 
Heisenberg algebras having jinite-dimensional homogeneous components and a center 
consisting of the degree zero component (cf. [8, Section 1.7, p. 211). 
Now Example 2 in conjunction with Theorems I and 2 yields our main result. 
Theorem 3. Let a be u finite-dimensional Lie algebra over an algebraically closed 
field 1F of churucteristic f2. Then the following statements ure equivalent: 
(a) a is abelian or a three-dimensional Heisenberg ulgebra. 
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(b) a does not admit any non-trivial triangular Lie bialgebra structure. 
(c) a does not admit any non-trivial quasi-triangular Lie bialgebra structure. 
Proof. The implication (a)+(c) is an immediate consequence of Example 2 and the 
fact that there are no non-trivial coboundary Lie bialgebra structures on an abelian 
Lie algebra as we already observed above. The implication (c)+(b) is trivial, so it 
remains to establish the implication (b)+(a). 
By virtue of Theorems 1 and 2, we simply must prove that every Heisenberg algebra 
of dimension >3 admits a non-trivial triangular Lie bialgebra structure. Set 
r:= ~~~j.XiA_VjEIm(l-7). 
i,j=l 
Note that in view of Lemma 2 we have n > 1 since the dimension is >3. From the 
Heisenberg commutation relations we find that 
i=l j=l 
and that 
Xi AYj AZ. 
Then, Proposition 1 implies that every non-zero matrix Sz := (wij)i<i,j<n E Mat&r-) with 
Q2 = 0 gives rise to a non-trivial triangular Lie bialgebra structure (e.g., we can choose 
01~ := 1 and Oij :=O for every (i,j)# (I,n) because in> 1). 0 
Remark. In accordance with the remark after Example 2, it is possible to show 
that the equivalence of (a) and (b) in Theorem 3 remains valid for ground fields 
of characteristic 2. 
In view of the last remark, we can obtain the following result for algebraically closed 
fields of characteristic 2: 
Theorem 4. If a is a jinite-dimensional non-abelian Lie algebra over an algebraically 
closed field E of characteristic 2, then a admits a non-trivial quasi-triangular Lie 
bialgebra structure. 
Proof. According to the remark after Theorem 3, it is enough to prove that the three- 
dimensional Heisenberg algebra over a field of characteristic 2 admits a non-trivial 
quasi-triangular Lie bialgebra structure. For this let r := x @ x + y @ y + x @ y + y @x. 
Then 
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implies that Im(6,) C Im( 1 + r) and 6, # 0. Finally, a direct computation shows that 
(1 @ 6,). 6, = 0 and [r12, r13] = [r12, r23] = [r13, r23] = 0, i.e., C(Y) = 0. Hence, r defines 
a non-trivial quasi-triangular Lie bialgebra structure on a. 0 
Remark. In [5] it is shown that every finite-dimensional non-abelian Lie algebra over 
the real or complex numbers admits a non-trivial coboundary Lie bialgebra structure. In 
fact, in this section we have proved that, with the exception of the three-dimensional 
Heisenberg algebra over a field of characteristic # 2, every finite-dimensional non- 
abelian Lie algebra over an algebraically closed field [F of arbitrary characteristic admits 
a non-trivial quasi-triangular Lie bialgebra structure. But the element r :=x @ y - 
y @x defines a non-trivial coboundary Lie bialgebra structure on the three-dimensional 
Heisenberg algebra (in any characteristic) because 
&(x)=x@2 -z@x#O#y@z -z@‘=&(y). 
Hence, the main result of [5] remains valid for algebraically closed fields of prime 
characteristic. 
We conclude with the remark that a classification of all (quasi-) triangular Lie bi- 
algebra structures for a given Lie algebra (up to isomorphism) seems hopeless. Never- 
theless, in small dimensions this is possible, and in fact, a list of all classical r-matrices 
was obtained in [2, 7.2.11 for 512(C) and in [l, Section 31 for the four-dimensional 
diamond algebra (which in the physics literature is often called the oscillator algebra). 
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